Wavelets frame associated to accretive function  by Ming, Xu
J. Math. Anal. Appl. 295 (2004) 153–162
www.elsevier.com/locate/jmaa
Wavelets frame associated to accretive function
Xu Ming 1
Department of Mathematics, Zhejiang University (XiXi Campus), Hangzhou 310028, PR China
Received 6 October 2003
Available online 4 May 2004
Submitted by R.H. Torres
Abstract
We construct a frame associated to accretive function, and prove that it is complete in L2(Rn). As
an application, T(b) theorem for some kind of accretive function can be deduced naturally.
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1. Introduction
As we know, the construction of a frame is important in the theory of wavelets. In some
cases, the frame has the same use as wavelets, for example, the characterization of function
spaces, approximation theory, and the studying of singular operator, etc (see [1]).
In the paper, we construct a frame associated to some kind of accretive functions by
using an idea in [6]. We say a complex-valued bounded function b(x) ∈ L∞(Rn) is said to
be a strong para-accretive function if there exists a constant C > 0 such that for every cube
Q ⊂ Rn,∣∣∣∣ 1|Q|
∫
Q
b(x) dx
∣∣∣∣C > 0. (1)
T(b) theorem is well known as a proof of the L2 boundedness of Cauchy transform
on Lipschitz curves, which is important in the theory of harmonic analysis and given
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appropriate bases on L2(Rn) is key point. In 1989, Ph. Tchamitchian in [3] gave one or-
thogonal wavelet bases associated to Lipschitz curves by using a projection method under
one dimensional case. In 1991, G. David in [4] gave another orthogonal bases associated
to accretive function b(x). In [5], L.X. Yan gave one kind of frame on Lipschitz curves,
which is a little different with wavelet bases constructed by Ph. Tchamitchian or G. David
essentially. In the paper, our purpose is to construct a frame associated to accretive func-
tion and with this kind of frame we can proved the T(b) theorem following the routine step
in [2], hence we also give another methods to prove the L2 boundedness of Cauchy integral
on Lipschitz curves not only under one dimension. In some sense, our frame seems more
general than the frame constructed in [3] or [5], and our results generalize Han’s results in
part in [7]. Denote 〈f,g〉b =
∫
Rn f (x)g(x)b(x) dx , then
Definition 1. A family of vectors {φ}λ∈∧ in a Hilbert spacesH is said to be a frame associ-
ated to a strong para-accretive function b(x) if there exist two constants 0 < C1  C2 such
that for all g ∈H,
C1‖g‖2 
∑
λ∈∧
∣∣〈g,φλ〉b∣∣2 C2‖g‖2
where ∧ is a infinite set, particularly the set {φλ} is complete in H which means finite
linear combinations of the {φλ} form a dense subspaces.
Now we define a family of function, which is used in later formula. Such molecule has
been constructed by R. Coifmann, and the reader can refer to [2].
Definition 2. Suppose that ψ(σ)k (x, y) (k ∈ Z) is an b-smooth molecule M(ε, σ ), if
ψ
(σ)
k (x, y) satisfies following properties:
(i)
∣∣ψ(σ)k (x, y)∣∣C σ
−kε
(σ−k + |x − y|)n+ε ,
(ii) ∣∣ψ(σ)k (x, y)− ψ(σ)k (x ′, y)∣∣ C |x − x
′|ε′
(σ−k + |x − y|)ε′
σ−kε
(σ−k + |x − y|)n+ε ,
for
∣∣x − x ′∣∣ 1
2
(
σ−k + |x − y|),
(iii)
∣∣ψ(σ)k (x, y)− ψ(σ)k (x, y ′)∣∣ C |y − y
′|ε′
(σ−k + |x − y|)ε′
σ−kε
(σ−k + |x − y|)n+ε ,
for
∣∣y − y ′∣∣ 1
2
(
σ−k + |x − y|),
(iv)
∣∣[ψ(σ)k (x, y)− ψ(σ)k (x, y ′)]− [ψ(σ)k (x ′, y)− ψ(σ)k (x ′, y ′)]∣∣
 C
(
σk
∣∣x − x ′∣∣)ε′(σk∣∣y − y ′∣∣)ε′ σ−kε
(σ−k + |x − y|)n+ε ,
(v)
∫
Rn
ψ
(σ)
k (x, y)b(y) dy =
∫
Rn
ψ
(σ)
k (x, y)b(x) dx = 0
where 0 < ε′ < ε  1, and σ > 1, C > 0.
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S(f )(x) =
∑
k∈Z
∑
l∈Zn
∑
|j |N
〈
ψ
(σ)
k
(
τ lσ−(k+j), ·), f (·)〉
b
ψ
(σ)
k+j
(
x, τ lσ−k+j
)
b
(
Q
(σ,τ)
k+j,l
)
=
∑
k∈Z
∑
l∈Zn
∑
|j |N
〈
ψ
(σ)
k,l
(
τ lσ−(k+j), ·), f (·)〉
b
× σ kn2 ψ(σ)k+j
(
x, τ lσ−k+j
)
b
(
Q
(σ,τ)
k+j,l
) (2)
where
ψ
(σ)
k,l
(
τ lσ−(k+j), ·)= σ− kn2 ψ(σ)k (τ lσ−(k+j), ·),
Q
(σ,τ )
k,l =
{
x ∈ Rn | xi ∈
[
τσ−kli , τσ−k(li + 1)
]}
,
and define
b
(
Q
(σ,τ)
k+j,l
)=
∫
Q
(σ,τ )
k+j,l
b(x) dx,
〈
f (·),ψ(σ)k,l
(
τ lσ−k, ·)〉
b
=
∫
f (x)ψ
(σ)
k,l
(
τ lσ−k, x
)
b(x) dx.
N is a big enough integer.
In the paper, the important assumption that
⋃
l Q
(σ,τ )
k,l = Rn is given. In Section 2, we
will prove S defined well in L2(Rn), and S with its converse operator in L2(Rn) will also
be proved. Finally we will prove the following main theorem in the paper:
Main Theorem. There exists two families of operator Ψ (σ)k , Ψ˜ (σ )k , such that for all f ∈
C∞0 (Rn),
f (x) =
∑
k∈Z
∑
l∈Zn
∑
|j |N
〈
f (·),ψ(σ)k,l
(
τ lσ−(k+j), ·)〉
b
× σ kn2 ψ˜(σ )k+j
(
x, τ lσ−(k+j)
)
b
(
Q
(σ,τ)
k+j,l
) (3)
where the series converge in L2(Rn). {ψ(σ)k,l (τ lσ−(k+j), x)}k,l,j , constructs a frame asso-
ciated to a strong accretive function b(x), which is complete in L2(Rn),
ψ˜
(σ )
k+j
(
x, τ lσ−(k+j)
)= S−1(ψ(σ)k+j (·, τ lσ−(k+j)))(x).
Through the paper, the letter “C” will denote constants independent of the essential
variables and maybe somewhere different.
2. The proof of Main Theorem
Let us recall some notations and important lemmas first.
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such that
∣∣k(x, y)∣∣ Ck 1|x − y|n ; (4)
∣∣k(x, y)− k(x ′, y)∣∣ Ck |x − x
′|γ
|x − y|n+γ , for
∣∣x − x ′∣∣ 1
2
|x − y|; (5)
∣∣k(x, y)− k(x, y ′)∣∣ Ck |y − y
′|γ
|x − y|n+γ , for
∣∣y − y ′∣∣ 1
2
|x − y|, (6)
where 0 < γ  1.
Definition 4. Suppose that T :D(Rn) →D′(Rn) is a singular integral operator, we say that
T has the following weakly boundedness property, if
∣∣〈Tf,g〉∣∣ Cw|Q|1+ 2ηn ‖f ‖η‖g‖η,
where f,g ∈ Cη0 (Rn)(0 < η  1), suppf,g ⊂ Q, Q is an arbitrary cube in Rn,Cw > 0,
and ‖f ‖η = supx,y∈Q |f (x)−f (y)||x−y|η , η < ε.
The following version of T(1) theorem will be used in our proof (Theorem 1.9 in [7]):
Proposition 1. Suppose that T :D(Rn) →D′(Rn) is a singular integral operator associ-
ated to the C-Z kernel satisfying (4), (5), and T (1) = 0, T has the weakly boundedness
property, then ‖T ‖2,2 < Ck + Cw .
Next we explain that the operator S is defined well,
Theorem 1. Let all defined as above, then for f ∈ C∞0 (Rn), we have∑
k∈Z
∑
l∈Zn
∑
|j |N
∣∣〈f (·),ψ(σ)k,l (τ lσ−(k+j), ·)〉b
∣∣2  C‖f ‖22,
∑
k∈Z
∑
l∈Zn
∑
|j |N
∣∣〈f (·), σ kn2 ψ(σ)k+j (·, τ lσ−(k+j))〉b
∣∣2  C‖f ‖22,
where 0 < τ < 1/2, and N is a big enough integer.
The theorem can be obtained by following theorem, here we omit its proof. The reader
can refer to [6] or [7]. As a matter of fact, the strong para-accretive property of b(x) means
that |b| has positive upper bound and lower bound on Rn, and in the following this property
will be used sometimes. With Theorem 1 and the strong para-accretive property of b(x),
we can obtain
∥∥S(f )∥∥2  C
{∑
k,l,j
∣∣〈f (·),ψ(σ)k,l (τ lσ−k, ·)〉b
∣∣2}1/2  CN‖f ‖2.
The next theorem is established in [7], and the reader also can refer to [2].
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C∞0 (Rn),
f =
∑
k∈Z
Ψ˜
(σ )
k MbΨ
(σ)
k Mb(f )(x), (7)
where the series converge in the norm of L2, the kernel of Ψ (σ)k is ψ(σ)k (x, y) which satisfies
(i), (ii), (iii), (v) in Definition 2, and the kernel of Ψ˜ (σ )k is ψ˜(σ )k (x, y) which satisfies (i),
(ii), (v) with ε replaced by 0 < ε′ < ε, Mb is the multiplication operator by strong para-
accretive function b(x).
We set R = I − S, and prove the following theorem in L2(Rn):
Lemma 1. Suppose that the operator R is defined as above, then its kernel R(x, y) has
such estimate,
∣∣R(x, y)∣∣ CN (τ ε′ ∨ σ−αN ) 1|x − y|n , (8)
∣∣R(x ′, y)−R(x, y)∣∣ CN (τ ε′ ∨ σ−αN ) |x − x
′|ε′
|x − y|n+ε′ , for
∣∣x − x ′∣∣ 1
2
|x − y|,
(9)
also R(x, y) has the weakly boundedness properties with bound CN(τε
′ ∨ σ−αN), where
0 < ε′ < ε, C > 0, a ∨ b = max{a, b}, α > 0 connected with the choice of ε and ε′, N is a
big enough integer.
Proof. First we set Ψ (σ)k = Φ(σ)k − Φ(σ)k−1, and the kernel of Φ(σ)k is φ(σ)k which satisfies
similar estimates (i)–(iv) to ψ(σ)k in Definition 2,∫
Rn
φ
(σ)
k (x, y)b(y) dy =
∫
Rn
φ
(σ)
k (x, y)b(x) dx = 1.
Then we can write I as follows in L2(Rn),
I =
(∑
k∈Z
Ψ
(σ)
k Mb
)(∑
j∈Z
Ψ
(σ)
j Mb
)
=
∑
|j |>N
∑
k
Ψ
(σ)
k+jMbΨ
(σ)
k Mb +
∑
|j |N
∑
k
Ψ
(σ)
k+jMbΨ
(σ)
k Mb
= RN +
∑
k
Ψ
(σ,N)
k MbΨ
(σ)
k Mb,
where Ψ (σ,N)k =
∑
|j |N Ψ
(σ)
k+j . Then we can write R(x, y) as follows,
R(x, y) = RN(x, y)+
∑
k∈Z
∑
l∈Zn
∑
|j |N
∫
Q
(σ,τ )
[
ψ
(σ)
k+j (x, z)− ψ(σ)k+j
(
x, τ lσ−(k+j)
)]
k+j,l
158 X. Ming / J. Math. Anal. Appl. 295 (2004) 153–162× b(z)ψ(σ)k (z, y)b(y) dz
+
∑
k∈Z
∑
l∈Zn
∑
|j |N
∫
Q
(σ,τ )
k+j,l
ψ
(σ)
k+j
(
x, τ lσ−k+j
)
b(z)
× [ψ(σ)k (z, y)− ψ(σ)k (τ lσ−(k+j), y)]b(y) dz
= RN(x, y)+ R1(x, y)+ R2(x, y),
RN(x, y) satisfying the estimate in the lemma has been proved with the bound Cσ−αN
(Lemma 2.10 in [7]),where the choice of α > 0 depends on ε, ε′. Moreover the method to
deal with R2(x, y) is similar to R1, so we only give the estimates of R1(x, y),
∣∣R1(x, y)∣∣ C∑
k∈Z
∑
l∈Zn
∑
|j |N
∫
Q
(σ,τ )
k+j,l
|z − τ lσ−(k+j)|ε′
(σ−(k+j) + |x − z|)ε′
× σ
−(k+j)ε
(σ−(k+j) + |x − z|)n+ε
σ−kε
(σ−k + |y − z|)n+ε dz
 CNτε′
∑
k∈Z
∫
Rn
σ−(k+j)ε
(σ−(k+j) + |x − z|)n+ε
σ−kε
(σ−k + |y − z|)n+ε dz
 CNτε′
∑
k∈Z
σ−kε
(σ−k + |y − x|)n+ε  CNτ
ε′ 1
|x − y|n .
Then we prove the second estimate,
∣∣R1(x ′, y)− R1(x, y)∣∣
 C
∑
k∈Z
∑
l∈Zn
∑
|j |N
∫
Q
(σ,τ )
k+j,l
∣∣[ψ(σ)k+j (x, z)− ψ(σ)k+j (x, τ lσ−(k+j))]
− [ψ(σ)k+j (x ′, z)− ψ(σ)k+j (x ′, τ lσ−(k+j))]∣∣ σ
−kε
(σ−k + |y − z|)n+ε dz
 C
∑
k∈Z
∑
l∈Zn
∑
|j |N
∫
Q
(σ,τ )
k+j,l
∣∣x − x ′∣∣ε′σ (k+j)ε′∣∣z − τ lσ−(k+j)∣∣ε′σ (k+j)ε′
× σ
−(k+j)ε
(σ−(k+j) + |x − z|)n+ε
σ−kε
(σ−k + |y − z|)n+ε dz
 Cτε′
∣∣x − x ′∣∣ε′ ∑
k∈Z
∑
|j |N
∫
Rn
σ (j+k)ε′ σ
−(k+j)ε
(σ−(k+j) + |x − z|)n+ε
× σ
−kε
−k n+ε dz(σ + |y − z|)
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∣∣x − x ′∣∣ε′ ∑
k∈Z
∑
|j |N
{ ∫
z: |x−z||x−y|/2
+
∫
z: |x−z||x−y|/2
. . .
}
 Cτε′
∣∣x − x ′∣∣ε′
{∑
k∈Z
∑
|j |N
σ−(k+j)(ε−ε′)
(σ−(k+j) + |y − x|)n+ε
+
∑
k∈Z
∑
|j |N
σ−jε′σ−k(ε−ε′)
(σ−k + |y − x|)n+ε
}
 Cτε′
(
N + σNε′) |x − x ′|ε
′
|x − y|n+ε′ .
Next we prove the weakly boundedness property, for f,g ∈ Cη0 (Rn) (η > 0), the cube Q
is their support,
∣∣〈R1(f ), g〉∣∣=
∣∣∣∣
∫
Rn
∑
k∈Z
∑
l∈Zn
∑
|j |N
∫
Q
(σ,τ )
k+j,l
∫
Rn
[
ψ
(σ)
k+j (x, z)− ψ(σ)k+j
(
x, τ lσ−(k+j)
)]
× b(z)ψ(σ)k (z, y)b(y)f (y)g(x) dz dy dx
∣∣∣∣.
Note that there are following facts,∣∣∣∣
∫
Rn
ψ
(σ)
k (z, y)b(y)f (y) dy
∣∣∣∣ C‖f ‖η
∫
Rn
∣∣ψ(σ)k (z, y)∣∣|z − y|η dz
 Cσ−kη‖f ‖η,
and | ∫
Rn
ψ
(σ)
k (z, y)b(y)f (y) dy| Cσkn|Q|1+η/n‖f ‖η is obvious also, then by using the
fact ‖g‖∞  |Q|η/n‖g‖η ,∣∣〈R1f,g〉∣∣ CNτε′ |Q|‖f ‖η‖g‖∞ ∑
k∈Z
(
σ−kη ∧ σkn|Q|1+η/n)
 CNτε
′ |Q|‖f ‖η‖g‖∞|Q|η/n  Cτε′ |Q|1+2η/n‖f ‖η‖g‖η.
The proof is end. 
Since R(1) = 0, choosing adapted σ and τ small enough and by above lemma, we
can obtain ‖R‖2,2 < 1 by using T(1) theorem. We have ‖f ‖2  C‖Sf ‖2. So we have
proved that {ψ(σ)k,l (τ lσ−(k+j), x)}k,l,j constructs a frame in L2(Rn) and S has its converse
operator. To prove the completeness, we need prove the next lemma.
Lemma 2. For f ∈ L2(Rn), we have
lim
K→+∞
∥∥∥∥
∑
|k|>K or |l|>K
∑
|j |N
〈
f (·),ψ(σ)k,l
(
τ lσ−(k+j), ·)〉
b
× σknψ(σ)k+j
(
x, τ lσ−(k+j)
)
b
(
Q
(σ,τ)
k+j,l
)∥∥∥∥
2 n
= 0.
L (R )
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lim
K→+∞
∥∥∥∥
∑
|k|>K
∑
l
∑
|j |N
〈
f (·),ψ(σ)k,l
(
τ lσ−(k+j), ·)〉
b
× σkn/2ψ(σ)k+j
(
x, τ lσ−(k+j)
)
b
(
Q
(σ,τ)
k+j,l
)∥∥∥∥
L2(Rn)
= 0, (10)
lim
K→+∞
∥∥∥∥
∑
k
∑
|l|>K
∑
|j |N
〈
f (·),ψ(σ)k,l
(
τ lσ−(k+j), ·)〉
b
× σkn/2ψ(σ)k+j
(
x, τ lσ−(k+j)
)
b
(
Q
(σ,τ)
k+j,l
)∥∥∥∥
L2(Rn)
= 0. (11)
First we prove (10) holds, which means we must prove
lim
K→+∞ sup‖g‖
L21
∣∣∣∣
∑
|k|>K
∑
l
∑
|j |N
〈
f (·),ψ(σ)k,l
(
τ lσ−(k+j), ·)〉
b
× σkn/2〈b−1g,ψ(σ)k+j (x, τ lσ−(k+j))〉bb(Q(σ,τ)k+j,l)
∣∣∣∣= 0,
by using Theorem 2 and (2.17) in [7], for z ∈ Q(σ,τ)k+j,l , we have
∣∣〈f (·),ψ(σ)k,l (τ lσ−(k+j), ·)〉b
∣∣
 Cσ− nk2
∑
i
∫
Rn
σ−|i−k|ε′ σ
−(i∧k)ε′
(σ−(i∧k) + |y − τ lσ−(k+j)|)n+ε′
∣∣Ψ (σ)i Mb(f )(y)∣∣dy
 Cσ− nk2
∑
i
σ−|i−k|ε′M
(
Ψ
(σ)
i Mb(f )
)
(z),
then we have,∣∣∣∣
∑
|k|>K
∑
l
∑
|j |N
〈
f (·),ψ(σ)k,l
(
τ lσ−(k+j), ·)〉
b
× σ kn2 〈b−1g,ψ(σ)k+j (x, τ lσ−(k+j))〉bb(Q(σ,τ)k+j,l)
∣∣∣∣
 C
∑
|k|>K
∑
|j |N
∑
l
∫
Q
(σ,τ )
k+j,l
(∑
i
σ−|i−k|ε′M
(
Ψ
(σ)
i Mb(f )
)
(z)
)
×
(∑
i
σ−|i−(j+k)|ε′M
(
Ψ
(σ)
i Mb
(
b−1g
))
(z)
)
dz
 CN
∑
|k|>K
∫
n
(∑
i
σ−|i−k|ε′M
(
Ψ
(σ)
i Mb(f )
)
(z)
)
R
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(∑
i
σ−|i−k|ε′M
(
Ψ
(σ)
i Mb
(
b−1g
))
(z)
)
dz
 CN
∑
|k|>K
∫
Rn
{∑
i
σ−|i−k|ε′
∣∣M(Ψ (σ)i Mb(f ))(z)∣∣2
}1/2
×
{∑
i
σ−|i−k|ε′
∣∣M(Ψ (σ)i Mb(b−1g))(z)∣∣2
}1/2
dz
 CN
∫
Rn
{ ∑
|k|>K
∑
i
σ−|i−k|ε′
∣∣M(Ψ (σ)i Mb(f ))(z)∣∣2
}1/2
×
{ ∑
|k|>K
∑
i
σ−|i−k|ε′
∣∣M(Ψ (σ)i Mb(b−1g))(z)∣∣2
}1/2
dz
 CN
{∫
Rn
∑
|k|>K
∑
i
σ−|i−k|ε′
∣∣M(Ψ (σ)i Mb(f ))(z)∣∣2 dz
}1/2
×
{∫
Rn
∑
|k|>K
∑
i
σ−|i−k|ε′
∣∣M(Ψ (σ)i Mb(b−1g))(z)∣∣2 dz
}1/2
,
then because∫
Rn
∑
|k|>K
∑
i
σ−|i−k|ε′
∣∣M(Ψ (σ)i Mb(f ))(z)∣∣2 dz
 C
∫
Rn
∑
|k|>K
∑
|i|K/2
σ−|i−k|ε′
∣∣M(Ψ (σ)i Mb(f ))(z)∣∣2 dz
+
∫
Rn
∑
|k|>K
∑
|i|>K/2
σ−|i−k|ε′
∣∣M(Ψ (σ)i Mb(f ))(z)∣∣2 dz
 I + II,
it is easy to see that
I  Cσ−Kε
′
2
∫
Rn
∑
i
∣∣M(Ψ (σ)i Mb(f ))(z)∣∣2 dz,
by using vector-valued maximal function inequality, we have
I  Cσ−Kε
′
2
∫
Rn
∑
i
∣∣Ψ (σ)i Mb(f )(z)∣∣2 dz Cσ−Kε
′
2 ‖f ‖22
here we use a fact that
∫
Rn
∑
i |Ψ (σ)i Mb(f )(z)|2 dz C‖f ‖22 (see [7] or [2]). Next
II  C
∫
n
∑
|i|>K/2
∣∣M(Ψ (σ)i Mb(f ))(z)∣∣2 dz,
R
162 X. Ming / J. Math. Anal. Appl. 295 (2004) 153–162by using vector-valued maximal function inequality, it is easy to know that as K → 0,
II → 0, thus we have proven (10) holds. The proof of (11) can follow the above step and
seems simpler, we omit it.
The proof is end. 
By using Theorem 1, Lemmas 1, 2, Main Theorem has been deduced.
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